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Entrance Exam, Real Analysis
September 1, 2017
Solve exactly 6 out of the 8 problems
1. Prove by definition (in − δ language) that f(x) = √1 + x2 is uniformly continuous
in (0, 1). Is f(x) uniformly continuous in (1,∞)? Prove your conclusion.
2. Let fn(x) =
nx
n+ x
.
(a) Find f(x) = limn→∞ fn(x);
(b) Does fn converge to f uniformly (0, 1)? Prove your conclusion.
(c) Does fn converge to f uniformly (1,∞)? Prove your conclusion.
3. If lim
n→∞sn ≥ 0, which of the following statements are true? Explain your conclusion.
(a) ∃N > 0 such that ∀n > N , sn ≥ 0.
(b) ∀N > 0, ∃n > N such that sn ≥ 0.
(c) ∃ > 0 such that ∀N > 0, ∃n > N with sn ≥ 0.
(d) lim
n→∞s
2
n ≤ ( limn→∞sn)
2.
4. Let g(x) be defined as follows
g(x) =
∫ ∞
−∞
cos(xy3)
1 + y2
dy.
(a) Prove g(x) is continuous in (−∞,∞).
(b) Is g(x) uniformly continuous in (−∞,∞)? absolutely continuous in (−∞,∞)?
Prove your conclusion.
5. Let {an}∞n=1 be a sequence of real numbers satisfying
∑∞
n=1 |an| < ∞. Define f by
f(x) =
∑∞
n=1 anx
n.
(a) Show that f is a function of bounded variation on x ∈ [−1, 1].
(b) If a1 6= 0 and an = 0 for n ≥ 2, is f absolutely continuous on x ∈ R. Explain
your answer.
(c) If a1 6= 0, a2 6= 0, and an = 0 for n ≥ 3, is f absolutely continuous on x ∈ R.
Explain your answer.
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6. For 1 ≤ p <∞ define
‖f‖p = (
∫
E
|f |p)1/p
and denote Lp(E) to be the set of functions f for which
∫
E |f |p <∞.
Either prove the statement or show a counter example.
(a) If E = [0, 1], then there is a constant c > 0 for which
‖f‖1 ≤ c ‖f‖2 for all f ∈ L2(E).
(b) Suppose E = [1,∞). If f is bounded and ∫E |f |2 < ∞, then it belongs to
L1(E).
7. Suppose that f(x) is a uniformly continuous and Lebesgue integrable function on R.
Show that
lim
|x|→∞
f(x) = 0.
8. Let {un}∞n=1 be a sequence of Lebesgue measurable functions on [0, 1] and assume
limn→∞ un(x) = 0 a.e. on [0, 1], and also ‖un‖L2[0,1] ≤ 1 for all n. Prove that
lim
n→∞ ‖un‖L1[0,1] = 0.
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Entrance Exam, Real Analysis
April 20, 2018
Solve exactly 6 out of the 8 problems below.
1. Let f(x) be continuous in (0,1) and f(x) > 0 in (0,1).
• Prove by definition that 1f(x) is continuous in (0,1).
• If f(x) is also uniformly continuous in (0,1), is 1f(x) also uniformly continuous?
Prove your conclusion.
2. Let f : R → R be a twice differentiable function such that f(0) = 0, f ′(0) > 0 and
f ′′(x) ≥ f(x) for all x ≥ 0. Prove that f(x) > 0 for all x > 0.
3. Let ϕ : R → R be a twice differentiable, nonconstant convex function (so that
ϕ′′ ≥ 0 on R). Prove that
either lim
x→−∞ϕ(x) =∞ or limx→∞ϕ(x) =∞ .
4. If lim
n→∞sn ≥ 0, which of the following statements are true? Explain your conclusion.
(a) ∃N > 0 such that ∀n > N we have sn ≥ 0.
(b) ∀N > 0, ∃n > N such that sn ≥ 0.
(c) ∃ > 0 such that ∀N > 0, ∃n > N such that sn ≥ −.
(d) ∀ > 0, ∃N > 0, such that ∀n > N we have sn ≥ −.
5. Let A ⊂ R with Lebesgue measure m(A) = 1. Show that there exists a measurable
subset B ⊂ A such that m(B) = 12 .
6. Let f be a monotone increasing function on [0, 1] with f(0) = 0 and f(1) = 1. Let
E = {f(x) ; x ∈ [0, 1]}. If m(E) = 1 (where m(E) is the Lebesgue measure of set
E), is it true that f must be continuous on [0,1]? Prove your conclusion.
7. Let f ∈ L∞(R) and g(x) be defined as follows
g(x) =
∫ ∞
−∞
f(x− y)
1 + y2
dy.
• Prove g(x) is continuous in (−∞,∞).
• Is g(x) absolutely continuous in (−∞,∞)? Prove your conclusion.
8. Evaluate (with justification)
lim
n→∞
∫ n
0
cos (x/n)
x2 + cos (x/n)
dx.
Analysis Entrance Exam, Fall 2018
Solve any 6 (six) problems and clearly mark which six should be graded by encircling the problem
numbers on this sheet. Only the marked problems will be graded! If more than six problems are
marked, only the first six marked problems will be graded.
1. Let (an)n≥0 be a sequence of real numbers such that 2a2n+1 − a2n = 1 for all integers n ≥ 0.
Study the convergence/divergence and find the limit of (an)n≥0 whenever it exists.
2. Let (X,Σ, µ) be a measure space and µ : Σ → [0,∞] a finitely additive set function, that
is, for any integer n ≥ 1 one has µ
( n⋃
i=1
Ai
)
=
n∑
i=1
µ(Ai) for all pairwise disjoint Ai ∈ Σ, i =
1, ..., n. If lim
k→∞
µ(Ek) = µ
( ∞⋃
j=1
Ej
)
for every increasing sequence of measurable sets {Ek}k≥1 (that
is, Ek ⊂ Ek+1 for all k ≥ 1), then prove that µ is a positive measure, that is, µ(∅) = 0 and
µ
( ∞⋃
n=1
An
)
=
∞∑
n=1
µ(An) for all pairwise disjoint {An}n≥1 ⊂ Σ.
3. Let f : R → R be a twice differentiable (everywhere) function. Prove that the following state-
ments are equivalent (you are not allowed to use any fact you may know about convex functions):
(1) f ′′(x) ≥ 0 for all x ∈ R.
(2) f(λx+ µy) ≤ λf(x) + µf(y) for all x, y ∈ R and all λ, µ ∈ [0, 1] such that λ+ µ = 1.
4. Assume f, g : R→ R are both continuous at x = 0 and g(0) 6= 0.
(a) Prove that f/g is continuous at x = 0.
(b) If, in addition, f and g are differentiable at x = 0, then prove that f/g is differentiable at x = 0
and compute (f/g)′(0) in terms of f(0), f ′(0), g(0), g′(0).
5. Let f : R→ R be given by
f(x) =

1√
x(1 + | log x|) , if x > 0,
0, if x 6 0.
Prove that f ∈ Lp(R) if and only if p = 2.
6. (a) Prove that the product of two bounded (above and below) and uniformly continuous functions
on the real line is uniformly continuous.
(b) Prove that the product of two uniformly continuous functions on the real line is not necessarily
uniformly continuous if only one of these functions is assumed bounded.
7. Show that lim
k→∞
∫ k
0
xn
(
1− x
k
)k
dx = n!.
8. Let f : (−1, 1)→ R be twice differentiable with f ′′ continuous and such that f(0) = f ′(0) = 0,
f ′′(0) = 1. Prove that there exists δ > 0 such that f(x) > 0 for all x ∈ (−δ, 0) ∪ (0, δ).
Analysis Entrance Exam, Spring 2019
Solve any 6 (six) problems and clearly mark which six should be graded by encircling the problem
numbers on this sheet. Only the marked problems will be graded! If more than six problems are
marked, only the first six marked problems will be graded.
1. Let f : R→ R be differentiable with f ′ continuous and such that f(0) = 0 and f ′(0) = 1.
(a) Show that there exist δ > 0 and a < 0 < b such that the restriction f : [−δ, δ]→ [a, b] is
invertible.
(b) Denote by g the inverse of the restriction of f to [−δ, δ]. Prove that g is differentiable
at 0 and g′(0) = 1.
2. For the questions (a), (b), (c) below, the function f : R→ R is assumed to be nondecreasing
(f(x) ≤ f(y) if x ≤ y) and bounded above.
(a) Show that lim
x→∞ f(x) exists and is a real number.
(b) If f is also continuous and f(x) = 0 for all x ≤ 0, prove that f is uniformly continuous.
(c) If f is also differentiable, show that there exists a sequence {xn}n such that lim
n→∞xn =∞
and lim
n→∞ f
′(xn) = 0.
3. Let {an}n be a sequence of real numbers such that 0 ≤ n2(an+1 − an) ≤ 1 for all integers
n ≥ 1.
(a) Prove that {an}n is convergent.
(b) Does the conclusion from (a) remain valid if n2 is replaced by n in the inequalities above?
4. Let f : [0, 1] → [0, 1] be continuous and such that f(x) > 0 for all x ∈ [0, 1]. Prove that 1/f
is Riemann integrable on [0, 1] and∫ 1
0
dx
f(x)
≥ 1∫ 1
0 f(x)dx
.
Find all such functions f for which equality holds.
5. Define
f(x) =

x1+ sin( 1x), for x ∈ (0, 1],
0, for x = 0.
Is f Lipschitz continuous, absolutely continuous or/and of bounded variation on [0, 1] for all
 > 0?
6. Let f : [α, β] → R absolutely continuous. Prove that if A ⊆ [α, β] is Lebesgue measurable
and µ(A) = 0 then µ(f(A)) = 0.
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7. Assume f ∈ Lp0(X,M, µ) for some 0 < p0 6∞. Prove that
lim
p→0
∫
X
|f |p dµ = µ({x ∈ X|f(x) 6= 0}).
8. Let X = N and µ the counting measure on the σ-algebra M = 2N. That is,
µ(A) =

card(A), if A is a finite set,
∞, if A is infinite.
(a) Show that for every function f : N→ [0,∞] we have∫
N
f dµ =
∞∑
m=1
f(n).
(b) Show that f : N → C is integrable with respect to the counting measure if and only if∑∞
m=1 f(n) is absolutely convergent.
(c) Suppose that f : N→ R is integrable with respect to the counting measure. Show that∫
N
f dµ =
∞∑
m=1
f(n).
(d) Show that if aij > 0 for all i, j = 1, 2, . . . , then
∞∑
i=1
∞∑
j=1
aij =
∞∑
j=1
∞∑
i=1
aij .
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